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I am pleased to present this book before the readers. It is specially designed to help
the students preparing for JEE (Main & Advanced) & all other engineering entrance

examinations and strictly based upon the current pattern being followed in JEE. Each
chapter includes different types of problems, which are

(1) Key Concepts,

(2) Only One Correct Answer,

(3) Linked Comprehension Type,

(4) More Than One Correct Answers,
(5) Match the Columns Type,

(6) Integer Answer Type.

This book is complete solution for the students facing the problems in calculus. Here

I have made an effort to provide the unique and latest pattern problems from my
experienced teaching career.

I hope that this book will be more useful to the students and leamed teachers.
Suggestions for further improvement of the book will be gratefully acknowledged.

I would like to thank Shri Manoj Kumar Bathla, Proprietor of G. R. Bathla & Sons

and Mr. Sugam Bathla for their sincere efforts in bringing the present edition in such a
nice form.

Finally, I convey my best wishes to all aspirants for their studies and success in their
career.

May, 2018

Sameer Bansal

Note : Students and honourable teachers may feel free to give valuable suggestions
on the mail suggestionsgrb@gmail.com to improve the quality of book.
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- Functions

KEY CONCEPTS

|. GENERAL DEFINITION :

If to every value (considered as real unless otherwise stated) of a variable x, which
belongs to some collection (Set) E, there corresponds one and only one finite value
of the quantity y, then y is said to be a function (Single valued) of x or a dependent
variable defined on the set E ; x is the argument or independent variable .

If to every value of x belonging to some set E there corresponds one or several
values of the variable y, then y is called a multiple valued function of x defined on
E. Conventionally the word “FUNCTION? is used only as the meaning of a single
valued function, if not otherwise stated.

Pictorially : E;’:"JE’ f f;ﬁ?};g , ¥ is called the image of x and x is the
pre-image of y under f.

Every function from A — B satisfies the following conditions .

(a) fcAxB

b)VaeA=(a,f(@)ef and
(c) (a,b)e fand (a,c)e f=b=c )

2. DOMAIN, CO-DOMAIN AND WGE OF A FUNCTION :

Letf:A — B, then the set A is known as the domain of f and the set B is known as
co-domain of f. The set of all fimages of elements of A is known as the range of f.
Thus :

Domain of f={a | a € A, (a,f(a) € f}

Range of f= {f(a) | a € A, f(a) € B}
It should be noted that range is a subset of co-domain . If only the rule of functionis
given then the domain of the function is the set of those real numbers, where
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function is defined. For a continuous function, the interval f;
maximum value of a function gives the range.

GRB Problems in Caloy,
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3. IMPORTANT TYPES OF FUNCTIONS :

1.

Polynomial Function :
St " 4 -2
If a function fis defined by f(x) =ayx" +a, x"1 +a, x" "‘"'+“n-1x+an Wher,

n is a non negative integer and ag, ay, ay, ..., @, are real numberg an

dq
then fis called a polynomial function of degree n. 0*0,

Note: (a) A polynomial of degree one with no constant term is
linear function. i.e. f(x)=ax,a # 0

(b) There are two polynomial functions, satisfying the re]
fx).f(VUx) = f(x) + f (Ux). They are :
(i) f(x)=x"+1and

(i) f (x) = 1 - x", where n is a positive integer,

called gy odg

ation;

Algebraic Function :

Y is an algebraic function of x, if it is a function that satisfies
equation of the form

Po(x)y" +Py(x)y" 14 ...+P _ (x)y+ P, (x)=0where n is a positive j
and P (x), P, (@) ........... are polynomials in x.

an algehra;,

ntegel-

e.g.y = |x| is an algebraic function, since it satisfies the equation y2
Note that all polynomial functions are Algebraic but not the con

function that is not algebraic is called Transcendental Function.
Fractional Rational Function : '

—x%=),
verse. A

A rational function is a function of the form y=f(x)= &)

h(x)’
where g(x) and h(x) are polynomials and A(x) # 0.

Exponential Function :

Afunction f(x)=a*=e*Ita (g5 0, g2 1,x € R)is called an exponential function,

The inverse of the exponential function is called the logarithmic function, i.e,
glx) = log,_ x.

Note that f(x) and g(x) are inverse of each other and their graphs are as shown.

N 4o

+°° -
+ 0‘? 1/ \
&
E
2 (0, 1) .
\"'__&/ s ©, DX/ () =0, 0<a <1
Lo (1,0)
o* -\OQ” ‘,"‘
3 & ’ 3
& g(x) = log, =
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Functions
5. Absolute Value Function :
A function y = f (x) = |x| is called the absolute value function or Modulus

x if x20

function. It is defined as : y = |x|=
-x if x<0

Signum Function :
A function y=f (x) = sgn (x) is defined as follows :
1 for x>0 y
y=fx)=|0 for x=0 t>y=1ifx>0
-1 for x<0

Lt — X
0 y=Sgnx

It is also written as sgn x = |x|/x ;
x#20;f(0)=0 y=-1ifx<o‘?

Greatest Integer or Step Up Function : y
The function y = f (x) = [x] is called the 3
greatest integer function where [x] denotes &raphofy=Is] |
the greatest integer less than or equal to x .
Note that for :

-1<x<0 ; [x]=-1 0<x<1 ; [x]=0 — Tk
1sx<2 ; [x]=1 2<x<8 ; [x]=2 2 2 ...1111 i

and soon. : e—o 1.2
Properties of greatest integer function : ) g
(@) [x]<x<[x]+1and
x-1<[x]<x,0<x-[x]<1
(b) [x +m]=[x]+m if m is an integer.
) [x]1+[y)lsx+yl<six]+[yl+1
(d) [x] + [-x] =0if x is an integer
= — 1 otherwise.

Fractional Part Function :
It is defined as :

glx) = {x} =x ~ [x].
e.g. the fractional part of the no. 2.1is 2.1 - 2 = 0.1 and the fractional part of

-3.7i8 0.3
The per ad of this function is 1 and graph of this function is as shown.
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4. DOMAINS AND RANGES OF COMMON FUNCTION :

Function Domain Range
(y=F(x)) (i.e. values taken by x) (i.e. values taken by f(x))
A. Algebraic Functions
(a) x®,(neN) R = (set of real numbers) R, if n is odq
RT*U{0}, ifniseye,
(b) _17, (neN) R — {0} _ R - {0}, if n is odq
x
R+, if n is evey
() x¥n (neN) R, if n is odd R, if n is odd
R*u {0}, ifniseven R*U {0}, ifniseve
(d) —%,(neN) R-{0}, ifnisodd R-{0}, if n is odd
x
R*, if n is even Rt if n is even
B. Trigonometric Functions
(a) sinx R -1,+1]
(b) cosx R [-1, + 1]
(©) tanx R-(2k+1)g,kel R
(d) secx ' R-(2k+1)g,kel (oo, —=1]U[1,)
(e) cosecx R-kn kel (=00, —1JU[1, o)
() cotx R—-kn,kel R
C. Inverse Circular Functions (Refer after Inverse is taught)
(a) sin~lx [-1,+ 1) [__7_‘., E]
s .2
(b) cos~lx -1, +1) [0, n]
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F.

(¢) tan-lyx R

(d) cosec-lx (—e0,—1JU[1, )

(e) seclx (~o0,=1]U[l, )
() cot-lx R
Exponential Functions
(a) e* R
(b) elx R - {0}
(c) a¥,a>0 R
d) al*,a>0 R - {0}
Logarithmic Functions
(a) log,x,(@>0)@=1) R+
() log.a=—2 R*-{1)
log, x
@>0)@a=1)
Integral Part Functions
(a) [x] R
1
(b) — R-[0,1)
(x] :
. Fractional Part Functions
(a) {x} R
1
b) — R-1
{x}
Modulus Functions
(@) lxl R
b L R - {0}
x|
Signum Function

sgn(x)=£x—|,1¢0 R
x

=0,I=0

53]
2’92

nTr
[-E,E]-.lm

[0, 7] - {g}

(0, m)

R+
R*-{1}
R+
R+*-{1}

R - (0}

{l, neI-{O}}
n

[0, 1)
(1, =)

R* v {0}

{_ll 0 ] 1}
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J. Constant Function
say f(x)=c R {c}

5. EQUAL OR IDENTICAL FUNCTION :

Two functions f and g are said to be equal if :

(a) The domain of f = the domain of g.

(b) The range of f = the range of g and

() f(x) =glx), for every x belonging to their common domain. e.g.,

fx)= c and g(x) = _.‘%_ are identical functions.
x X

6. CLASSIFICATION OF FUNCTIONS :

One-One Function (Injective Mapping):

A function f : A - B is said to be a one-one function or injective mapping
different elements of A have different fimagesin B . Thus for Xy,%5 € Aand f(,,-l),

flxg) € B, f(x) =f(x,) Xy =xy0rxy #xy & f(x,)#f(x5).

Diagrammatically an Injective Mapping can be shown as

A B

Note : (a) Any function which is entirely increasing or decreasing in whole
R domain, then f(x) is one-one. :
(b) If any line parallel to x-axis cuts the graph of the function atmost at
: one point, then the function is one-one.
Many-One Function :
A function f: A — B is said to be a many
have the same fimage in B . Thus

one function if two or more elements of 4
f:A-B is many one iffor;:cl,x2 €A,flx))=

flxg)but x; #x, .
Diagrammatically a Many-One Mﬁpping can be shown as
A B

OR
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